Abstract. In this paper, we construct new examples of Veech groups by extending Schmithüsen's method for calculating Veech groups of origamis to Veech groups of unramified finite coverings of regular 2n-gons. We calculate the Veech groups of certain Abelian coverings of regular 2n-gons by using an algebraic method.
Introduction
The Teichmüller disk is a holomorphic isometric embedding of an upper-half plane H (or a unit disk) into a Teichmüller space. All such embeddings are constructed by flat structures on Riemann surfaces and SL(2, R)-orbit on flat structures. To study the image of a Teichmüller disk into the moduli space, we consider the stabilizer of the Teichmüller disk in the mapping class group. Veech [Vee89] showed that this stabilizer is regarded as the group of all affine diffeomorphisms on a corresponding flat structure and its action can be represented by a Fuchsian group which acts on H. The Fuchsian group is called a Veech group.
The first non-trivial examples of Veech groups were given by Veech [Vee89] and [Vee91] . His examples are constructed by gluing two congruent regular polygons along one side and identifying the parallel sides of the resulting polygons. However, not so many examples are known other than Veech's. Recently, Schmithüsen [Sch04] showed an algorithm for finding Veech groups of "origami". An origami is an unramified finite covering of a once punctured torus constructed by a unit square. We apply her method to unramified finite coverings of regular 2n-gons instead of the unit square to obtain other examples of Veech groups. Veech groups of universal coverings play an important role in her method. We call these groups universal Veech groups.
In this paper, we determine the universal Veech groups of 2n-gons and give an algorithm to calculate Veech groups of finite Abelian coverings of 2n-gons. In the case of origamis, Schmithüsen connected the Veech groups of origamis with subgroups of SL(2, Z). She showed that the calculations of Veech groups stop in finitely many steps. In our case, for the Veech groups of Abelian coverings of 2n-gons whose degree is d, we connect them with subgroups of SL(n, Z d ). We show that the calculations of Veech groups of certain Abelian coverings can be done by using the corresponding subgroups of SL(n, Z d ).
Definitions
Let X be a Riemann surface of type (g, n) with 3g − 3 + n > 0.
Definition 2.1 (Holomorphic quadratic differential). A holomorphic quadratic differential ϕ on X is a tensor whose restriction to every coordinate neighborhood (U, z) is the form f dz 2 , here f is a holomorphic function on U . We define |ϕ| to be the differential 2-form on X whose restriction to every coordinate neighborhood (U, z) has the form |f |dxdy if ϕ equals f dz 2 in U . We say ϕ is integrable if its norm ||ϕ|| = X |ϕ| is finite.
We fix an integrable holomorphic quadratic differential ϕ. Denote by X ′ the Riemann surface constructed from X by removing zeros of ϕ.
Definition 2.2 (Flat structure). A flat structure u on X ′ is an atlas of X ′ which satisfies the following conditions.
(1) Local coordinates of u are compatible with the orientation on X ′ induced by its Riemann surface structure.
(2) For coordinate neighborhoods (U, z) and (V, w) of u with U ∩ V = φ, the transition function is the form w = ±z + c in z(U ∩ V ) for some c ∈ C. (3) u is maximal with respect to (1) and (2).
The holomorphic quadratic differential ϕ determines a flat structure u ϕ on X ′ as follows. For each p 0 ∈ X ′ , we can choose an open neighborhood U such that
is a well-defined and injective function of U . This function is holomorphic in U since ϕ is a holomorphic quadratic differential. If (U, z) and (V, w) are pairs of such neighborhoods and functions with U ∩ V = φ, then we have dw 2 = ϕ = dz 2 in U ∩ V . Hence w = ±z + c in z(U ∩ V ) for some c ∈ C. The flat structure u ϕ is the maximal flat structure which contains such pairs. Definition 2.3 (Affine group of ϕ). The affine group Af f + (X, ϕ) of the integrable holomorphic quadratic differential ϕ is the group of all quasiconformal mappings f of X onto itself which satisfy f (X ′ ) = X ′ and are affine with respect to the flat structure u ϕ . This means that for (U, z), (V, w) ∈ u ϕ with f (U ) ⊆ V , the homeomorphism w • f • z −1 is the form z → Az + c for some A ∈ GL(2, R) and c ∈ C.
This A is uniquely determined up to the sign since u ϕ is a flat structure. And A is always in SL(2, R) since ||ϕ|| = X |ϕ| = X f * (|ϕ|) = det(A)||ϕ||. Thus we have a group homomorphism
Definition 2.4 (Veech group of ϕ). We call Γ(X, ϕ) = D(Af f + (X, ϕ)) the Veech group of ϕ.
Remark. Veech groups are discrete subgroups of PSL(2, R) (see [EG97] ).
Examples of Veech groups
In this section, we see two examples of Veech groups. The first example is a new example of Veech groups. The second one is the main target of this paper. The purpose of this paper is to determine Veech groups of some coverings of the second one. To do this, we need to determine the Veech group of the second one.
Example 3.1. Let X be a surface constructed as Figure 1 . We induce an unique conformal structure on X such that the quadratic differential dz 2 on the interior of the rectangle of Figure 1 extends to a holomorphic quadratic differential ϕ on X. Then X is a Riemann surface of type (2, 0) and vertices of four squares become two points on X. These points are zeros of ϕ of order 2. We can see that 
The next example is given by Earle and Gardiner ([EG97]).
Example 3.2. Fix n ≥ 4 and let Π 2n be a regular 2n-gon. We assume that Π 2n has two horizontal sides, lengths of the sides are 1 and its vertices are removed. We identify each side of Π 2n with the opposite parallel side by an Euclidean translation (see Figure 3 ) and denote the resulting surface by P 2n . We induce an unique conformal structure on P 2n such that the quadratic differential dz 2 on the interior of Π 2n extends to a holomorphic quadratic differential ϕ 2n on P 2n . If n is even, then P 2n is a Riemann surface of type ( n 2 , 1) and if n is odd, then P 2n is a Riemann surface of type ( induce elements in Af f + (P 2n , ϕ 2n ). The action of R 2n on P 2n is the rotation about the center of Π 2n of angle π n . To see the action of T 2n on P 2n , we cut P 2n along all horizontal segments which connect the vertices of Π 2n . If n is even, P 2n is decomposed into n 2 cylinders and the action of T 2n is the composition of the square of the right Dehn twist along a core curve of the cylinder which contains the center of Π 2n and the right Dehn twists along core curves of the other cylinders. If n is odd, P 2n is decomposed into n−1 2 cylinders and the action of T 2n is the composition of the right Dehn twists along core curves of all cylinders. Thus Γ = [R 2n ], [T 2n ] is a subgroup of the Veech group Γ(P 2n , ϕ 2n ). It is easy to see that Γ is a (n, ∞, ∞) triangle group. Since only discrete group that contains Γ is a (2, 2n, ∞) triangle group (see [EG97] and [Sin72] ) and this cannot be Γ(P 2n , ϕ 2n ), we have 4. Veech groups of coverings of P 2n and Universal Veech group of P 2n
Fix n ≥ 4. Let P 2n be the same Riemann surface as in Example 3.2 and p : X → P 2n be an unramified finite covering mapping. Set ϕ X = p * ϕ 2n , here ϕ 2n is the holomorphic quadratic differential on P 2n defined in Example 3.2. Our purpose is to calculate the Veech group Γ(X, ϕ X ). We denote Γ(X, ϕ X ) by Γ(X) hereafter. Schmithüsen constructed an algorithm for calculating Veech groups of origamis ( [Sch04] ). We apply her method to our case.
Let p 2n : X 2n → P 2n be the universal covering mapping and set ϕ 2n = p * 2n ϕ 2n . Note that || ϕ 2n || = +∞. However, we can define the flat structure u ϕ2n on X 2n and the affine group Af f + ( X 2n , ϕ 2n ) in the same manner as the case of integrable holomorphic quadratic differentials. Moreover, we have a homomorphism
Definition 4.1 (Universal Veech group of P 2n ). We call Γ( X 2n ) the universal Veech group of P 2n .
Remark. Let X be an unramified finite covering of
The following idea is due to Schmithüsen ([Sch04] ). For each finite covering X of P 2n , we take Γ(X) as follows.
To understand Γ(X), we determine Γ( X 2n ). The following theorem is a main theorem of this paper. The following two lemmas give the proof of the theorem. Figure 4 by an affine transformation BA, the image is parallelogram whose vertices correspond to vertices of 2n-gons and which has no such points in its interior. Moreover, it has the same area as Q 1 and each angle θ of its vertices satisfies π/2n ≤ θ ≤ π − π/2n. We can see that such parallelograms are only However, it does not happen except for the case that AB is the identity I = 1 0 0 1 since every vertex of 2n-gons must be mapped to a vertex. Hence BA = I and so Proof of Lemma 4.3. We consider two cases : (a) cot θ(A) > cot
. And f maps the rectangle Q 1 of Figure 4 to a parallelogram whose vertices correspond to vertices of 2n-gons and which has no such points in its interior. Hence
and
So there exists a negative integer l such that
Now we have
is a quadratic function of x and the axis of F
Hence there exists a negative integer l such that
And we have
By using the argument of (a)-1, we have
Case (b) : We apply the same argument as in the Case (a) to the angle of two
. From the proof of Lemma 4.3, we obtain Moreover, we have
Hence {α m }, {β m }, {r m } and {s m } are bounded and there exists a subsequence {A mi } of {A m } such that A mi converges to some A ∞ ∈ SL(2, R). Since {A mi } is in a discrete set R 2n , T 2n · A , there exists i 0 ∈ N such that A mi = A ∞ for all i ≥ i 0 . However, this contradicts the construction of the sequence {A m }. Hence there exists m 0 ∈ N such that cot
Calculation of Veech groups
Let X be an unramified finite covering of P 2n . By theorem 4.2, we can write Γ(X) as follows.
Let z 0 be the point of P 2n which corresponds to the center of the 2n-gon Π 2n as in Example 3.2 and z 0 be one of the preimages of z 0 in X. Let {x 1 , x 2 , · · · , x n } be the system of generators of π 1 (P 2n , z 0 ) as Figure 5 . Then R 2n and T 2n define the following automorphisms γ R2n and γ T2n on π 1 (P 2n , z 0 ) (see Example 3.2).
If n is even,
and if n is odd,
] and each element in Gal( X 2n /P 2n ) defines an inner automorphism of Gal( X 2n /P 2n ) ∼ = π 1 (P 2n , z 0 ), the action of each element of Af f + ( X 2n , ϕ 2n ) on π 1 (P 2n , z 0 ) can be represented by a composition of γ R2n , γ T2n and inner automorphisms of π 1 (P 2n , z 0 ).
Hence we have the following.
Proposition 5.1. For f ∈ Af f + ( X 2n , ϕ 2n ), following two are equivalent. Here A is one of elements in D( f ).
• The mapping f satisfies f * (Gal( X 2n /X)) = Gal( X 2n /X).
• There exists one of the preimages z 1 ∈ X of z 0 such that
By using this condition, we can determine whether [A] is in Γ(X) or not for each [A]
Now we can calculate the Veech group Γ(X) of an unramified finite covering X of P 2n by using the following method. Schmithüsen ([Sch04] ) also use this method to the calculations of Veech groups of origamis. The calculation is done on the following tree which we explain below. Proposition 5.2. Let X be an unramified finite covering of P 2n . Then we have the following properties.
(1) Any two elements in Rep belong to different cosets. of π 1 (X, z 0 ) as follows 
is the form
and maps the generators of π 1 (X, z 0 ) as follows 
] ; the homomorphism γ R8 maps the generators of π 1 (X, z 0 ) as follows
8 ]} and there is no successor of A = R 8 in Rep. We finish the loop. Result :
Remark. In the case of origamis, Schmithüsen showed that the calculations always stop by connecting the Veech groups of origami with subgroups of SL(2, Z)(see [Sch04] ). In our case, for certain Abelian coverings of 2n-gons, we connect the Veech groups with subgroups of SL(n, Z d ) and calculate the Veech groups by using the corresponding matrices. It is seen in section 7.
Calculation of H/Γ(X)
Let X be an unramified finite covering of P 2n . Assume that the calculation of 
Veech groups of Abelian coverings
In this section, we show that the calculation of Veech group Γ(X) by the Reidemeister-Schreier method always stops if X is a finite Abelian covering of P 2n . And we show that the calculations of Veech groups of certain Abelian coverings can be done by using the corresponding subgroups of SL(n, Z d ).
Recall that if Γ(X) is a finite index subgroup of [R 2n ], [T 2n ] , then the calculation of Γ(X) stops by the proof of Proposition 5.2. We have a partial answer about the stop of calculations.
Theorem 7.1. Let X be a finite Abelian covering of P 2n , that is, X is a finite Galois covering of P 2n and Gal(X/P 2n ) is an Abelian group. Then the calculation of Γ(X) stops.
Proof. Recall that z 0 is the point of P 2n which corresponds to the center of the 2n-gon Π 2n as in Example 3.2 and z 0 ∈ X is one of the preimages of z 0 . Since X is a Galois covering, for each w ∈ Gal( X 2n /P 2n ) = x 1 , x 2 , · · ·, x n , w is in π 1 (X, z 0 ) if and only if w is in π 1 (X, z 1 ) for all z 1 ∈ X. Hence [A] is in Γ(X) if and only if
As Gal(X/P 2n ) ∼ = π 1 (P 2n , z 0 )/π 1 (X, z 0 ) is an Abelian group, x i x j = x j x i and x i x j = x j x i · w for some w ∈ π 1 (X, z 0 ). Moreover, set d = lcm{ord(x 1 ), ord(x 2 ), · · ·, ord(x n )} , then x d i ∈ π 1 (X, z 1 ) for all i and all z 1 ∈ X. Set (e 1 , e 2 , ···, e 2n ) = I 2n . We consider the homomorphism ν : Gal( −1 is not in Γ(X). This is a contradiction.
From the proof of theorem 7.1, we have the following.
Corollary 7.2. Let X be a finite Abelian covering of
Example 7.3. Let X be the covering of P 8 the same as Figure 6 . Then X satisfies the assumption of Corollary 7.2. The fundamental group of X is 
Examples.
Finally we show some examples of Veech groups that are calculated by the method of this paper.
Example 8.1. Let X be the double covering of P 8 as Figure 10 . Then X is a Riemann surface of type (3, 2).
• H/Γ(X) is a Riemann surface of type (0, 11). Example 8.3. n ≥ 2. Let X 4n be the double covering of P 4n as Figure 12 . That is, X 4n is constructed by gluing two regular 4n-gons. Labels of small and capital letters appear in turn. The sides whose labels are capital letters are identified with the opposite sides of another polygon and others are identified with the opposite sides of the same polygon. Then X 4n is a Riemann surface of type (2n − 1, 2).
• Example 8.4. For each n ≥ 2, let X 4n be the double covering of P 4n as Figure  13 . That is, horizontal and vertical sides of two polygons are identified with the opposite sides of another polygon and others are identified with the opposite sides of the same polygon. Then X 4n is a Riemann surface of type (2n − 1, 2).
• 
